
Abstract

We consider the Cauchy problem associated with a general parabolic partial differential equation in $d$
dimensions. We find a family of closed-form asymptotic approximations for the unique classical solution of
this equation as well as rigorous short-time error estimates. Using a boot-strapping technique, we also
provide convergence results for arbitrarily large time intervals.

Keywords

parabolic PDE asymptotic expansion singular perturbation analytical approximation

MSC codes

35K10 74G10 91G20

Get full access to this article

View all available purchase options and get full access to this article.

🔓GET ACCESS

SIGN IN AS AN INDIVIDUAL OR VIA YOUR INSTITUTION

References

Home 🡲 SIAM Journal on Applied Mathematics 🡲 Vol. 75, Iss. 2 (2015) 🡲 10.1137/130949968

📌 🛈 📈 🔓 🔗   🗫

⮜ Previous Article Next Article⮞
 

Analytical Expansions for Parabolic Equations
Authors: Matthew Lorig, Stefano Pagliarani, and Andrea Pascucci AUTHORS INFO & AFFILIATIONS

🔓GET ACCESS BibTeX 🔧Tools ”

https://doi.org/10.1137/130949968

Journal Home Current Issue All Issues Submit SubscribeAbout⮟ 🔔 🗫

🔍 👤 🛒

https://epubs.siam.org/action/doSearch?AllField=parabolic+PDE&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=asymptotic+expansion&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=singular+perturbation&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=analytical+approximation&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=35K10&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=74G10&stemming=yes
https://epubs.siam.org/action/doSearch?AllField=91G20&stemming=yes
https://sso.siam.org/sso/login.aspx
https://epubs.siam.org/
https://epubs.siam.org/journal/smjmap
https://epubs.siam.org/toc/smjmap/75/2
https://epubs.siam.org/doi/abs/10.1137/130949968?journalCode=smjmap
https://epubs.siam.org/doi/10.1137/140966642
https://epubs.siam.org/doi/10.1137/140979241
https://epubs.siam.org/action/downloadCitation?format=bibtex&include=abs&direct=true&doi=10.1137/130949968&downloadFileName=siam_130949968
https://doi.org/10.1137/130949968
https://epubs.siam.org/journal/smjmap
https://epubs.siam.org/toc/smjmap/current
https://epubs.siam.org/loi/smjmap
https://siap.siam.org/
https://www.siam.org/subscriptions-and-ordering-information
https://epubs.siam.org/action/showPreferences?menuTab=Alerts
https://epubs.siam.org/
https://epubs.siam.org/action/showCart?FlowID=1
https://epubs.siam.org/action/showLogin?uri=%2Fdoi%2Fabs%2F10.1137%2F130949968%3FjournalCode%3Dsmjmap
https://epubs.siam.org/action/ssostart?redirectUri=%2F


1. I. G. Avramidi Analytic and Geometric Methods for Heat Kernel Applications in Finance, New Mexico Institute of Mining

and Technology, NM, (2007).

Google Scholar

2. E. Benhamou, E. Gobet, and M. Miri Expansion formulas for European options in a local volatility model. Int. J. Theor.

Appl. Finance, 13, (2010), pp. 603--634.

Crossref | Google Scholar

3. N. Berline, E. Getzler, and M. Vergne Heat Kernels and Dirac Operators, Springer-Verlag, New York, (1992).

Google Scholar

4. W. Cheng, N. Costanzino, J. Liechty, A. Mazzucato, and V. Nistor Closed-form asymptotics and numerical approximations

of 1D parabolic equations with applications to option pricing, SIAM J. Financial Math., 2, (2011), pp. 901--934.

Crossref | Web of Science | Google Scholar

5. F. Corielli, P. Foschi, and A. Pascucci Parametrix approximation of diffusion transition densities, SIAM J. Financial Math.,

1, (2010), pp. 833--867.

Crossref | Web of Science | Google Scholar

6. J.-P. Fouque, G. Papanicolaou, R. Sircar, and K. Solna Multiscale Stochastic Volatility for Equity, Interest Rate, and Credit

Derivatives, Cambridge University Press, Cambridge, (2011).

Google Scholar

7. A. Friedman Partial Differential Equations of Parabolic Type, Prentice-Hall, Englewood Cliffs, NJ, (1964).

Google Scholar

8. P. K. Friz, S. Gerhold, and M. Yor How to make Dupire's local volatility work with jumps, Quantitative Finance, 14,

(2014), pp. 1327--1331.

Crossref | Web of Science | Google Scholar

9. H. Goldstein Classical Mechanics, 2nd ed., Addison-Wesley, Reading, MA, (1980).

Google Scholar

10. P. Hagan and D. Woodward Equivalent black volatilities, Appl. Math. Finance, 6, (1999), pp. 147--157.

Crossref | Google Scholar

11. P. Henry-Labordère Analysis, Geometry, and Modeling in Finance: Advanced Methods in Option Pricing, Vol. 13,

Chapman and Hall, London, (2009).

Google Scholar

https://scholar.google.com/scholar?q=I.+G.+Avramidi+Analytic+and+Geometric+Methods+for+Heat+Kernel+Applications+in+Finance%2C+New+Mexico+Institute+of+Mining+and+Technology%2C+NM%2C+%282007%29.
https://doi.org/10.1142/S0219024910005887
https://scholar.google.com/scholar_lookup?doi=10.1142%2FS0219024910005887
https://scholar.google.com/scholar?q=N.+Berline%2C+E.+Getzler%2C+and+M.+Vergne+Heat+Kernels+and+Dirac+Operators%2C+Springer-Verlag%2C+New+York%2C+%281992%29.
https://doi.org/10.1137/100796832
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000208691700034
https://scholar.google.com/scholar_lookup?doi=10.1137%2F100796832
https://doi.org/10.1137/080742336
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000208691600032
https://scholar.google.com/scholar_lookup?doi=10.1137%2F080742336
https://scholar.google.com/scholar?q=J.-P.+Fouque%2C+G.+Papanicolaou%2C+R.+Sircar%2C+and+K.+Solna+Multiscale+Stochastic+Volatility+for+Equity%2C+Interest+Rate%2C+and+Credit+Derivatives%2C+Cambridge+University+Press%2C+Cambridge%2C+%282011%29.
https://scholar.google.com/scholar?q=A.+Friedman+Partial+Differential+Equations+of+Parabolic+Type%2C+Prentice-Hall%2C+Englewood+Cliffs%2C+NJ%2C+%281964%29.
https://doi.org/10.1080/14697688.2013.874622
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000340149100004
https://scholar.google.com/scholar_lookup?doi=10.1080%2F14697688.2013.874622
https://scholar.google.com/scholar?q=H.+Goldstein+Classical+Mechanics%2C+2nd+ed.%2C+Addison-Wesley%2C+Reading%2C+MA%2C+%281980%29.
https://doi.org/10.1080/135048699334500
https://scholar.google.com/scholar_lookup?doi=10.1080%2F135048699334500
https://scholar.google.com/scholar?q=P.+Henry-Laborde%CC%80re+Analysis%2C+Geometry%2C+and+Modeling+in+Finance%3A+Advanced+Methods+in+Option+Pricing%2C+Vol.+13%2C+Chapman+and+Hall%2C+London%2C+%282009%29.


12. S. Heston A closed-form solution for options with stochastic volatility with applications to bond and currency options,

Rev. Financ. Stud., 6, (1993), pp. 327--343.

Crossref | Web of Science | Google Scholar

13. A. Jacquier and M. Lorig The smile of certain Lévy-type models, SIAM J. Finance Math., 4, (2013).

Web of Science | Google Scholar

14. M. Jeanblanc, M. Yor, and M. Chesney Mathematical Methods for Financial Markets, Springer-Verlag, New York, (2009).

Google Scholar

15. J. Kevorkian and J. D. Cole Multiple Scale and Singular Perturbation Methods, Appl. Math. Sci. 114, Springer-Verlag, New

York, (1996).

Google Scholar

16. P. A. Lagerstrom Matched Asymptotic Expansions. Ideas and Techniques, Appl. Math. Sci. 76, Springer-Verlag, New York,

(1988).

Google Scholar

17. M. Lorig The exact smile of certain local volatility models, Quant. Finance, 13, (2013), pp. 897--905.

Crossref | Web of Science | Google Scholar

18. M. Lorig, S. Pagliarani, and A. Pascucci A family of density expansions for Lévy-type processes with default, Ann. Appl.

Probab., 25, (2015), pp. 235--267.

Crossref | Web of Science | Google Scholar

19. M. Lorig, S. Pagliarani, and A. Pascucci Explicit implied volatilities for multifactor local-stochastic volatility models,

Math. Finance, to appear, (2015).

Google Scholar

20. M. Lorig, S. Pagliarani, and A. Pascucci A Taylor series approach to pricing and implied volatility for LSV models, J. Risk,

17, (2014), pp. 1--17.

Crossref | Google Scholar

21. J. D. Murray Mathematical Biology: An Introduction, I, 3rd ed., Interdiscip. Appl. Math. 17, Springer-Verlag, New York,

(2002).

Google Scholar

22. S. Pagliarani and A. Pascucci Analytical approximation of the transition density in a local volatility model, Cent. Eur. J.

Math., 10, (2012), pp. 250--270.

https://doi.org/10.1093/rfs/6.2.327
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=WOS%3AA1993LJ96600004
https://scholar.google.com/scholar_lookup?doi=10.1093%2Frfs%2F6.2.327
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000328888900029
https://scholar.google.com/scholar?q=A.+Jacquier+and+M.+Lorig+The+smile+of+certain+Le%CC%81vy-type+models%2C+SIAM+J.+Finance+Math.%2C+4%2C+%282013%29.
https://scholar.google.com/scholar?q=M.+Jeanblanc%2C+M.+Yor%2C+and+M.+Chesney+Mathematical+Methods+for+Financial+Markets%2C+Springer-Verlag%2C+New+York%2C+%282009%29.
https://scholar.google.com/scholar?q=J.+Kevorkian+and+J.+D.+Cole+Multiple+Scale+and+Singular+Perturbation+Methods%2C+Appl.+Math.+Sci.+114%2C+Springer-Verlag%2C+New+York%2C+%281996%29.
https://scholar.google.com/scholar?q=P.+A.+Lagerstrom+Matched+Asymptotic+Expansions.+Ideas+and+Techniques%2C+Appl.+Math.+Sci.+76%2C+Springer-Verlag%2C+New+York%2C+%281988%29.
https://doi.org/10.1080/14697688.2012.749357
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000320358200008
https://scholar.google.com/scholar_lookup?doi=10.1080%2F14697688.2012.749357
https://doi.org/10.1214/13-AAP994
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000347267400009
https://scholar.google.com/scholar_lookup?doi=10.1214%2F13-AAP994
https://scholar.google.com/scholar?q=M.+Lorig%2C+S.+Pagliarani%2C+and+A.+Pascucci+Explicit+implied+volatilities+for+multifactor+local-stochastic+volatility+models%2C+Math.+Finance%2C+to+appear%2C+%282015%29.
https://doi.org/10.1080/13669877.2013.849879
https://scholar.google.com/scholar_lookup?doi=10.1080%2F13669877.2013.849879
https://scholar.google.com/scholar?q=J.+D.+Murray+Mathematical+Biology%3A+An+Introduction%2C+I%2C+3rd+ed.%2C+Interdiscip.+Appl.+Math.+17%2C+Springer-Verlag%2C+New+York%2C+%282002%29.


⮜ Previous Article Next Article⮞

Crossref | Web of Science | Google Scholar

23. S. Pagliarani, A. Pascucci, and C. Riga Adjoint expansions in local Lévy models, SIAM J. Financial Math., 4, (2013), pp.

265--296.

Crossref | Web of Science | Google Scholar

24. J. J. Sakurai Modern Quantum Mechanics, Addison-Wesley, Reading, MA, (1994).

Google Scholar

25. M. Van Dyke Perturbation methods in fluid mechanics, The Parabolic Press, Stanford, CA, (1975).

Google Scholar

Recommended Content

Download PDF

Browse

Journals

E-books

https://epubs.siam.org/doi/10.1137/140966642
https://epubs.siam.org/doi/10.1137/140979241
https://doi.org/10.2478/s11533-011-0115-y
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000297867600018
https://scholar.google.com/scholar_lookup?doi=10.2478%2Fs11533-011-0115-y
https://doi.org/10.1137/110858732
https://gateway.webofknowledge.com/gateway/Gateway.cgi?GWVersion=2&DestApp=WOS_CPL&UsrCustomerID=5e3815c904498985e796fc91436abd9a&SrcAuth=atyponcel&SrcApp=literatum&DestLinkType=FullRecord&KeyUT=000328888900010
https://scholar.google.com/scholar_lookup?doi=10.1137%2F110858732
https://scholar.google.com/scholar?q=J.+J.+Sakurai+Modern+Quantum+Mechanics%2C+Addison-Wesley%2C+Reading%2C+MA%2C+%281994%29.
https://scholar.google.com/scholar?q=M.+Van+Dyke+Perturbation+methods+in+fluid+mechanics%2C+The+Parabolic+Press%2C+Stanford%2C+CA%2C+%281975%29.
https://epubs.siam.org/action/clickThrough?id=101115&url=https%3A%2F%2Fwww.siam.org%2Fmembership%2Fjoin-siam%2Findividual-members&loc=%2Fdoi%2Fabs%2F10.1137%2F130949968%3FjournalCode%3Dsmjmap&pubId=40121449&placeholderId=1040&productId=1008
https://epubs.siam.org/doi/pdf/10.1137/130949968?download=true
https://www.siam.org/
https://epubs.siam.org/action/showPublications?pubType=journal
https://epubs.siam.org/action/showPublications?pubType=book&notConceptID=115968


Society for Industrial and Applied Mathematics
3600 Market Street, 6th Floor 

Philadelphia, PA 19104 
USA

ⓕ   

© 2024 Society for Industrial and Applied Mathematics

Bookstore

Proceedings

Alerts

Sign up/Manage Email Alerts

Information

For Journal Authors

For Book Authors

For Librarians

Help

Terms of Use & Privacy Policy

About

SIAM

Join SIAM

Donate to SIAM

https://www.facebook.com/SocietyforIndustrialandAppliedMath/
https://twitter.com/TheSIAMNews
https://www.youtube.com/user/SIAMConnects
https://www.linkedin.com/company/societyforindustrialandappliedmathematicssiam
https://epubs.siam.org/bookstore
https://epubs.siam.org/action/showPublications?pubType=proceedings
https://epubs.siam.org/action/showPreferences?menuTab=Alerts
https://epubs.siam.org/journal-authors
https://epubs.siam.org/book-authors
https://epubs.siam.org/librarians
https://epubs.siam.org/help
https://epubs.siam.org/terms-privacy
https://www.siam.org/
https://www.siam.org/membership/join-siam/individual-members
https://www.siam.org/donate

